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Graph Everywhere
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Protein-protein interaction network
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Reference: Jeong et al, Nature Review | Genetics

Lectures on Algorithm Design & Analysis
11/30/2024 (LADA) 2017



The Internet as mapped by the Opte Project

http://en.wikipedia.org/wiki/Internet




Map of science clickstreams

http:/ /www.plosone.org/article/info:doi/10.1371/journal.pone.0004803
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10 million Facebook friends

facebook

"Visualizing Friendships" by Paul Butler



One week of Enron emails
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Graph Basics

e Node

— Entities of interest
- V(G)

* Edge
— Relations of interest
—E(G) SV XV



Graph Traversals

 Depth-First and Breadth-First Search (¥ &
SR AN RS 20

* Finding Connected Components

* General Depth-First Search Skeleton
* Depth-First Search Trace
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Adjacency-lists digraph representation

Maintain vertex-indexed array of lists.

]

0 3
Q@ D RO z
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Directed vs. Undirected graphs
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R & 4R 5

Adjacency-matrix graph representation

Maintain a two-dimensional V-by-V boolean array;

for each edge v—w in graph: adj[v][w] = adj[w][v] = true.
two entries
for each edge
° N\
0 2 3 4 5 6 7 8 9 10 11 12
o| 0 1 0 1 1 0 0 0 0 0 O
‘Il' "ﬁ' “a’ 11 o0 0O 0 0 0 0 O O 0 O
211 0 0NON0 O O O O O 0 0 O
300 0 0 ONIN1 0 0 0O O O 0 O
‘EI’ ‘II' sl 0 0 0 1 1 0 0 0 0 0 O
1"'||||I‘II." sl 1 0 0 1 1 0 0 0 0 0 0
5 s 1 0 0 0 1 0 0 0 0 0 0
7l 0o 0o 0 0 0 O ol o o o o
slo o o o o o oo o o o o
1';' ‘l" sl 0 0 0 0 0 0 0O O O O 1 1 1
wl o o 0o 0 0 O O O 0 1 0 0 O
‘il»""ll’ ulo o o0 0o 0 0O O O 0 1 0 0 1
'l'; ‘!a; 20 0 0 0 0O O 0 0 O 1 o0 1 0
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AMEGTENR (RHA 2L k)

e EFR - LA —1TEBEG | xrss
FaGeyY —1 Jﬁi;,‘_‘iu’ Jua] | Reachable = { }

= - ToBeExplored = {u}
FLEITLRZANT R While(ToBeExploreddk =)
gy ? {
x = an element in ToBeExplored;

ToBeExplored = ToBeExprlored — {x};
e JFEFKBIEX Reachable = Reachable + {x};
- S = x#Y 48 2B s T& — Reachable - ToBeExplored;
— WWE: UBAZRT ToBeExplored = ToBeExprlored + S;
=*N:= ) !

— E . RISV

%, BGHHEEL
(V,W), FBawtT ik,

RI|\EXBYRIFE KN, ARNEBIRIG TR T




#. Al ¢ Graph Traversal 7 &

Starting node

Not reachable

‘ Breadth-First Search \

Starting node

\
N

Depth-First Search

___________ Edges only “checked”

11/30/2024 Lectures on A'(gLOAr[i)tz)' Not reachable



Outline of Depth-First Search

de(G,V) A vertex must in one of the status:
e undiscovered, discovered, Finished

Mark v as “discovered”. |. kg ACKIRRL T b= MRS
For each vertex w that edge vw 1s 1n G:

If w 1s undiscovered: That is: exploring vw, Visiting w,
de(G W) exploring from there as much as
b

possible, and backtrack from w
Otherwise: to v.

“Check” vw without visiting w.
Mark v as “finished”.



Outline of Breadth-First Search

Fa R AT SFHFEYIT R
Bfs(G,s) e
1 ’ * Pending=6rF
Mark s as “discovered’; ToBeExprlored
enqueue(pending,s); + Undiscovered: BeARH
ToBeExprlored=, 2R
. . . Reachablesr
while (pendlng I.S nonempty) * Finished: #EReachable
dequeue(pending, v);
. o . ,;I:%:‘/r\i:_‘[\:
For each Xerte?c w that e,c’lge vwis 10 Gy p s E T s
If w 1s “undiscovered TR A IR, MOERhE
Mark w as “discovered” and AT 3 3

enqueue(pending, w)
Mark v as “finished”;



Outline of Breadth-First Search

Fa BB FHEIFTR

BfS(G S) * Pending=FurF
Mark s as “dlscovered” ToBeExprlored
enqueue( 40 RERTBREY, sFTHEUB NI LE TR S A EY T L,

TR St R R AL ORI FIL,
while (pe1 Bia
dequeu e FF—BrBiE, FHKNTITLLAIRKXEFTEFEEY TR
S Bn R AKXl s — SIS 12, B4 Akfl
Foreac zyromar—ssa,
Ifwile (zaEREamPpmiiarbREmes, B
M  2A—A IR R AL 933K B C Y BT IS 4R TR
o oI KAEOBMSIESIER, TP FKIIHKT
Mark p = RAEETEOERASHE, RSB R T
Bt FEACRTLAEHALY,




Finding Connected Components (1)

* Input: a symmetric (F#R) digraph G, with n nodes and 2m
edges(interpreted as an undirected graph), implemented as a
array adjVertices[1,...n] of adjacency lists.

* Qutput: an array cc[1..n] of component number for each node v,
— BFPccli] R AT iIFTEZ BT EW SRS

EARE . BT IRV
1. FHE—TSRARFAEZBTEHII Ry, BIDFST KB FoviER
BOFF A TR, FF KBS ITTBRW, IXBEWHEBFTERS IV,
2. mPIRVEIATHDFAIR RSP E LRI AELNTZEBTEPHARZE
HEHIT,



Finding Connected Components (2)

void connectedComponents(Intlist[ | adjVertices, int n, int| ] cc)

int[ | color=new int[n+1];
<Initialize color array to white for all ertices>
for (int v=1; v<n; v++)
if (color[v]==white) //visiRIRILRT
[/ AN H S5 3% 2R v R B 3 3R - E e TR,
[/ AL L TFL AR 89 3 SR -T- B Y- S-ARiIC 29 v
ccDFS(adjVertices, color, v, v, cc);

return
L ERYVE B R TIR,
EBawvETEHE 5SS



ccDFS: the procedure

. /3 R DFSAE 2%
void ccDFS(IntList[ | adjVertices, int[ ] dfs(G,v)

color, int v, int ccNum, int [ ] cc) Mark v as “discovered”

}E:LM;; t remAd;: For eagh VGI’t?X w that .edge vw 1s in G:
If w is undiscovered:
: dfs(G,w)
1 = ; //d d .

color[v]=gray; //discovere Otherwise:
cc[v]=ccNum; /P path 35 7 “Check” vw without visiting w.

’ Mark v as “finished”.
//38 3t remAd) Sk 28 5 48 2B IFLR .
remAdj=adjVertices[V]; : undiscovered
while (remAdj=nil) : discovered

w=first(remAdj); ; finished
if (color[w]==white) //undiscovered

ccDFS(adjVertices, color, w, ccNum, cc);

1 : =3 ‘3"5 R <
remAdj=rest(remAdj); 1, 2 RGRBIYPBIHIEHERT

. , .
color[v]=black;//finished &9, ccDFStm1TEex ?
return
Lectures on Algorithm Design & A 2‘ ?%ELBFSE%’—EE‘E.&“—% ?
11/30/2024 g g
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Analysis of CC Algorithm

+ connectedComponents, the wrapper (BP & &% )
— Linear in n (color array initialization + for loop on adjVertices )
— ccDFSHReda £ T ' it5

* c¢cDFS, the depth-first searcher

— In one execution of ccDFS on v, the number of instructions(rest(remAdj))
executed is proportional to the size of adjVertices[v].

— Note: X(size of adjVertices[v]) is 2m, and the adjacency lists are traversed only

once.
* So, the time complexity 1s in @(m-+n) 40 R GR ML IBIFIE R ITEY,
— Extra space requirements: REA4LTT 9

* Color array
e Activation frame stack for recursion

Lectures on Algorithm Design & Analysis
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Visits On a Vertex

* C(lassification for the visits on a vertex
— First visit(exploring): status: white—gray
— (Possibly) multi-visits by backtracking to: status keeps gray
— Last visit(no more branch-finished): status: gray—black

 Different operations can be done, during the different
visits on a specific vertex [FimE it = s
— On the vertex
— On (selected) incident edges

}?

Lectures on Algorithm Design & Analysis
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Depth-first Search Trees

DFS forest={(DFS treel), (DFS tree2)}

Root of tree 1

T.E: tree edge
B.E: back edge
D.E: descendant

edge — . -
C.E: cross edge A finished vertex is never revisited,
such as C
11/30/2024 Lectures on Algorithm Design & Analysis
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Depth-First Search — Generalized

Skeleton

Input: Array adjVertices for graph G
Output: Return value depends on application.

int dfsSweep(IntList[] adjVertices,intn, ...)
int ans;
<Allocate color array and initialize to white>
For each vertex v of G, 1n some order
if (color[v]==white)
int vAns=dfs(adjVertices, color, v, ...);
<Process vAns>
// Continue loop

return ans;

11/30/2024 Lectures on Algorithm Design & Analysis

(LADA) 2017
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DFS— Generalized Skeleton

int dfs(IntList[] adjVertices, int[] color, int v, ...)

int w;
;ntLISt remAdj; If partial search is used for a
int ans; .. o
_ . _+ application, tests for termination
color[v]=gray; P _ :
<Preorder processing of vertex v> =~ | may be inserted here.
remAdj=adjVertices[v]; st —
while (remAdj=nil) 2 Specialized for
w=first(remAdj); gy connected components:
if (color[w]==white) .-~ -~ e parameter added
<Exploratory pro(essmg for tree edge vw> e preorder processing

int WAns—df§(ad] Ve/fzces color, w, ...);
< Backtrack prpéessmg for tree edge VW , using wAns-
else 7
<Checking for nontree edge vw>
remAdj=rest(remAdj);
<Postorder processing of vertex v, including final computation of ans>
color[v]=black;
return ans;

inserted — cc[v]=ccNum

Lectures on Algorithm Design & Analysis

11/30/2024 (LADA) 2017
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DFS— Generalized Skeleton

int dfs(IntList[] adjVertices, int[] color, int v, ...)
int w;
IntList remAdj;
int ans;
color[v]=gray;
<Preorder processing of vertex v>

remAdj=adjVé 4q ey 18 AR 22~ Skeleton sk 24 22 F 51 Jal 28

while (remAd o o oo R R, AR T AEY 2 R R
w=first(rem

if (color[w] 2+ A ESTIUREDFSH F a9 RLER 7
<Exploratory processing for tree edge vw> e preorder processing
int wAns=dfs(adj Vert.ices, color, w, ...); . inserted — cc[v]=ccNum
< Backtrack processing for tree edge vw , using wAns-

else
<Checking for nontree edge vw>

remAdj=rest(remAdj);

<Postorder processing of vertex v, including final computation of ans>
color[v]=black;
return ans;

If partial search is used for a
application, tests for termination
may be inserted here.

nts:




Breadth-First Search - Skeleton

Input: Array adjVertices for graph G
Output: Return value depends on application.

void bfsSweep(IntList[] adjVertices,intn, ...)
int ans;
<Allocate color array and initialize to white>
For each vertex v of G, 1n some order
if (color[v]==white)
void bis(adjVertices, color, v, ...);
// Continue loop
return;



Breadth-First Search - Skeleton

void bfs(IntList[] adjVertices, int[] color, int v, ...)
int w; IntList remAdj; Queue pending;
color[v]=gray; enqueue(pending, v);
while (pending is nonempty)
w=dequeue(pending); remAdj=adjVertices[w];
while (remAdj#nil)

if (color[x]==white)
color[x]=gray; enqueue(pending, x);
remAdj=rest(remAd));
<processing of vertex w> //ft it 3
color[w]=black;
return ;



DES vs. BES Search

* Processing opportunities for a node

— Depth-first: 2
« At discovering (RIRIFL&iFIE, mRiFEeCayFK,
TER2nodeAr B aA By 45 R T RE S L IRIF AT )
At finishing (FFrH SRR EBiFIETE)
— Breadth-first: only 1, when de-queued

— At the second processing opportunity for the DFS,
the algorithm can make use of information about
the descendants of the current node.



Time Relation on Changing Color

Keeping the order in which
yertices are encountered for the
ﬁrst or last time

lobal interger time: O as the
1n1 1al Value 1ncremented with each
color chan ng or any vertex, and
the final valueis 2n

Array discoverTime: the i th
element records the time vertex v,
turns into gray

Array finishTime: the i th element
{)ﬁicolr( s the time vertex v; turns 1nto
ac

The active interval for vertex v, |
denoted as active(v), 1s the duration
while v is gray, that 1s:

discoverTime|v], ..., finishTime[v]

Active 1nterval=|=)§|éb LSRRI
DFS(v)#riz e a9 35

\/;\\

int dfs(IntList[] adjVertices, int[] color, int v, ...)
int w;
IntList remAdj;
int ans;
color[v]=gray;
<Preorder processing of vertex v>
remAdj=adjVertices[v];
while (remAdj#nil)
w=first(remAdj);
if (color[w]==white)
<Exploratory processing for tree edge vw>
int wAns=dfs(adjVertices, color, w, ...);
< Backtrack processing for tree edge vw , using wAns>
else
<Checking for nontree edge vw>
remAdj=rest(remAd;);
<Postorder processing of vertex v, including final computation
of ans>
color[v]=black;
return ans;



Depth-First Search Trace

General DFS skeleton modified to compute discovery and finishing times and
“construct” the depth-first search forest.

int dfsTraceSweep(IntList[ | adjVertices,int n, int| | discoverTime, int| |
finishTime, Int| | parent)

int ans; int 7ime=0
<Allocate color array and initialize to white>
For each vertex v of G, in some order
if (color[v]==white)
parent[v]=-1
int vAns=dfsTrace(adnVertices, color, v, discoverTime, finishTime, parent,
time);
// Continue loop
return ans;

Lectures on Algorithm Design & Analysis
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Depth-First Search Trace

int dfsTrace(intList[ | adjVertices, int[ | color, int v, int[ | discoverTime,
int[ | finishTime, int[ | parent int time)
int w; IntList remAd;; int ans;
color[v]=gray; time++; discoverTime|v|=time; //preorder of nodes
remAdj=adjVertices[Vv];
while (remAdj=nil)
w=first(remAdj);
if (color[w]==white)
parent[w]=v; (GZHJALEE)
int wAns=dfsTrace(adjVertices, color, w, discoverTime, finishTime, parent, time);
else <Checking for nontree edge vw>
remAdj=rest(remAdj);
time++; finishTime[v]=time; color[v]=black; //post order of nodes

return ans;

Lectures on Algorithm Design & Analysis
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Active Interval

The relations are summarized in

8/9 the next frame
Time
1 2 3 4 5 6 7 8 9 10 11 12 13 14
< A > — FE—
— B <—F—> <—G—>

(> >
Legtjures orﬁl@orithm Design & Analysis

11/30/2024
/30/ (LADA) 2017
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Properties of Active Intervals(1)

 Ifwis adescendant of v in the DFS forest, then
active(w)cactive(v), and the inclusion 1s proper if w#v.

 Proof:

— Define a partial order <: w<v iff. w 1s a proper
descendants of v in its DFS tree. The proof is by
induction on <.

— BASE:

If v 1s minimal. The only descendant of v is itself. Trivial.

— INDUCTION:

Assume that for all x<v, if w 1s a descendant of x, then
active(w)cactive(x).

Let w be any proper descendant of v in the DFS tree, there

must be some x such that vx is a tree edge on the tree path

to w, so w 1s a descendant of x. According to dfsTrace, we @
have active(x)cactive(v), by inductive hypothesis,
active(w)cactive(v).




Properties of Active Intervals(2)

* If active(w)cactive(v), then w 1s a descendant of v. And if
active(w)cactive(v), then w 1s a proper descendant of v.

That is: w is discovered while v is active.
* Proof:
— If w 1s not a descendant of v, there are two cases:

* v is a proper descendant of w, then active(v)cactive(w), so,
it 1s impossible that active(w)cactive(v), contradiction.

* There 1s no ancestor/descendant relationship between v
and w, then active(w) and active(v) are disjoint,
contradiction.



Properties of Active Intervals(3)

If v and w have no ancestor/descendant relationship
in the DFS forest, then their active intervals are

two tree path are cy, cz, respectively. According
to dfsTrace, active(y) and active(z) are disjoint.

disjoint.
Proof: &‘
— If v and w are in different DFS tree, it is trivially <y
true, since the trees are processed one by one.
— Otherwise, there must be a vertex c, satisfying /
that there are tree paths c to v, and ¢ to w, without @
edges in common. Let the leading edges of the @

— We have active(v)cactive(y), active(w)Cactive(z).
So, active(v) and active(w) are disjoint.



Properties of Active Intervals(4)

8/9

* Ifedge vweE, then
— vw is a cross edge iff. active(w) entirely precedes active(v).
— vw is a descendant edge iff. there is some third vertex x, such that
active(w)cCactive(x)cactive(v),
— vw is a tree edge iff. active(w)cactive(v), and there 1s no third vertex x, such that
active(w)cCactive(x) cactive(v),
— vw is a back edge iff. active(v)cactive(w),

Lectures on Algorithm Design & Analysis
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Ancestor and Descendant

That w 1s a descendant of v \

in the DFS forest means

that there 1s a direct path / @ N\

from v to w in some DFS

tree. u?l\iﬁcovered
ch/gcked

The path 1s also a path in G

: : Vk+2
However, if there is a / @ Q

direct path from v to w in
G, 1s w necessarily a
descendant of v in the DFS
forest?

At the moment
before
backtracking




DES Tree Path

 [White Path Theorem] w 1s a descendant of v in a DFS
tree 1ff. at the time v 1s discovered(just to be changing
color into gray), there 1s a path in G from v to w
consisting entirely of white vertices.



Proof of White Path Theorem

* = All the vertices in the path are descendants of v.

e <« All the descendants of v are in some white path

* Proof: by induction on the length & of white path from v to w.
— When =0, v=w.

— For £>0, let P=(v, X{,X,,...X,=wW). There must be some
vertex on P which 1s discovered during the active interval
of v, e.g. X, Let x; 1s earliest discovered among them.
Divide P into P, from v to x,, and P, from x; to w. P, 1s a
white path with length less than £, so, by inductive
hypothesis, w 1s a descendant of x.. Note:
active(x;)cactive(v), so X; 1s a descendant of v. By
transitivity, w 1s a descendant of v.



Thank you!
Q& A

Yu Huang
http://cs.nju.edu.cn/yuhuang
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Directed Acyclic Graph (DAG)
A @ T A

A Directed Acyclic Graph Not a DAG



Topological Order for G=(V,E)

* Topological number

— An assignment of distinct
integer 1,2,..., n to the
vertices of V

— For every vweE, the
topological number of v 1s
less than that of w.

— — ~"DAGE T LAREFT 24
ANIala9 HeJ5
* Reverse topological order

— Defined similarly (“greater
than™ )




Existence of Topological Order
— a Negative Result

e If a directed graph G has a cycle, then G has no
topological order

e Proof

— [By contradiction]

For any given topological order, all
the vertices on both paths must be in
increasing order. Contradiction results
for any assignments for x and y.




DFSte &6t/ (=)

e HeYDFSEF2 P AFA-RAIBITABINT

— AR A BBundiscovered (white) ZmAK
discovered (black) sd3ti7s£32 (Preorder)

— AR A Badiscovered (gray) ZEAfinished
(black) ed3tiF28322 (Postorder)
o LB TF R EY S 4k TR By K AR T 4 Efinished (black)
KR, T4 Rdiscovered (gray) KR
» fnR4BIE LR R discovered (gray) KR, FB4 K2
F T SR F0 23 AT I SR FZ A — 4~ B B




{¢ A DFSAZ £ & 32 /9] A

O — )RR AE R IEI Y n T2, FB 4 T LAF IR AEDFSAE
T ITAIR
— JAEEEY B AR R R RE A TUA Y LAY TEF (V)
— SR VEILBIRTLR U U,,...,u,, B4 F(v) TLARIEF(u,),
F(u,),....,F(u )&=l

RIBYFSHRNEANT
— 3288PostOrderizt 174832 (et 2 IR Hdiscovered 2R A finishedsd-3t
ITRIR)
— RIS ERICFESTIRT A, BT REFFZ LTS
ERiILFMHFTEL
— #£PostOrderzt 172832 3 F(v)

fnRPostOrdert 22 ayed @l 4L RO(1)HEHBOK)B(CERL A
AEHKTE An A SRk R AR eh $8), TP 4 S A 2 0(m+n)
oy, HPmEILRIK, nLBEK,



Reverse Topological Ordering

o JalAR T LAFEIF ALY
— BB TURVIK PRIGINGR S, FHRESDTUREY S5 -S RIA,
H Ve 47 -5 RTFveI BT R8I Ir -5
— B 2B/HIEtopoNUMERI ;| HFRIK-F—T IR, W
topoNumzo—, BE>9vedLBIRTTRNAKRMKIA, BAVHIRSE
E—uy, B ARNFIBETURE S

* Specialized parameters
— Array topo, keeps the topological number assigned to each
vertex.

— Global variable topoNum to provide the integer to be used for
topological number assignments

* QOutput
— Array topo as filled.



Reverse Topological Ordering

int tfopoNum=0

void dfsTopoSweep(IntList[ | adjVertices,int n, int[ | ftopo)
<Allocate color array and initialize to white>
For each vertex v of G, 1n some order
if (color[v]==white)
dfsTopo(adjVertices, color, v, topo);
// Continue loop
return;




Reverse Topological Ordering

void dfsTopo(IntList[] adjVertices, int[] color, int v, int[ | fopo)
int w; IntList remAdj; color[v]=gray; remAdj=adjVertices[v];
while (remAdj#nil)
w=tirst(remAdj); Obviously, in @(m+n)
if (color[w]==white)
dfsTopo(adjVertices, color, w, topo, topoNum);
remAdj=rest(remAdj);
topoNum-++; topo|v]=topoNum
color[v]=black;

Filling topo is a post-order
processing, so, the earlier
discovered vertex has relatively
return; greater topo number

25 .
nFAEDTIEPHTE P ESHFAEIR
2% 9

Lectures on Algorithm Design & Analysis

11/30/2024
/30/ (LADA) 2017



Correctness of the Algorithm

* If G1sa DAG with n vertices, the procedure dfsTopoSweep
computes a reverse topological order for G 1n the array fopo.

 Proof

— The procedure dfsTopo 1s called exactly once for a vertex, so, the
numbers in fopo must be distinct in the range 1,2,...n.

— For any edge vw, vw can’t be a back edge(otherwise, a cycle 1s
formed). For any other edge types, we have
finishTime(v)>finishTime(w), so, topo(w) 1s assigned earlier than
topo(v). Note that fopoNum 1s incremented monotonically, so,
topo(v)>topo(w).



Existence of Topological Order

* In fact, the proof of correctness of topological
ordering has proved that: DAG always has a
topological order.

* So, G has a topological ordering,
iff. G 1s a directed acyclic graph.
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11/30/2024
/30/ (LADA) 2017

11



% —NDAGH # 15 4L 3t 4 (1)

3G IdHEF B IR BT

—~ ISR VEINE . GPwvzey &
40 R~ TDAGEGHE AN NEG0, B4 n B TAHEE B —I;
BnRERE —TTHES, AGPMERNISFEIG, BGHPevIFRiaFdHEES
EARENRIS, #iBRIGHYIE I HES

Topo(QG)

d

o RGREE, BE<>;

B —~ NG0B RY, (R RB R FTEREZDAGHE)

G’ =G-Vv;//GREANGFMERVLA AR FHRIFISEIE E

return <n> + Topo(G’)
LEXAESP, RVREEEE RS
HKNEFEZHOBI TR, I TFE PR L nTT I
) [ a2 N STV
E, FUIREEIeYEGH M.
REBEAE BTG PEBTITTREHNE



% — NDAGH # 45 4 3 4 (2)

o AKFANEIERAITIEIMNAS ;
— E RGP A TUAREI N ;
— ARIBNITE KT — N0y
— FFEHEFveIE—HHBL(v,w), FwWEINERF], WME2G
P EITTRBONEIER,

o LT IRIEIKBINE G085 5 T
— FFIEAERNFBFTVEITT AW, WmBWEGPFEINE G0, FBsw
LEGQ PEYNEEZSD ?
— TEGPNERH), BREEG PNEZYOTBRIETE 4 8F 15T
LA 9
— TR I~ BASIqueue, BLEREINZZAORS, JoNEFJEX
BRI, SIRANE Y08 TR AL queuc P IREPE



% — NDAGH ¢ 45 1t # 4 (3)

topoList =>; queue =<>;
FFGHP ey EH4~IR1, inDegrees[i] =0; //O(m)
F-FGhayHFiL(v,w), iInDegrees[m] ++; //O(n)
s-F-inDegrees[1]=—=08% £& 5%, queue.add(i); /O(m)
while(!queue.1sEmpty()){

v = queue.deQueue();

topoList = topoList +<v>;

for(ved &2 H34(V,w))
d
inDegrees[w] --;
if(inDegrees[w] == 0)
queue.add(w);
h

return topoList;



% — NDAGH ¢ 45 1t # 4 (3)

topoList =>; queue =<>;

FFGHP ey EH4~IR1, inDegrees[i] =0; //O(m)
F-FGhayHFiL(v,w), iInDegrees[m] ++; //O(n)
s-F-inDegrees[1]=—=08% £& 5%, queue.add(i); /O(m)

while(!queue.1sEmpty()){
v = queue.deQueue();
topoList = topoList +<v>
for(vey & 38 (v,w))
{
inDegrees[w] --;
if(inDegrees[w] ==
queue.add(y
h

return topoList;

SRPR-E, topoList, queueFaLE RNETE LT LA
BB~ KAP, ARFSETLERNEEHR
-

G 737 N

1. queue BT (NIRH0BHIFR) , NEEE
BEYTFR, LAZtopoListe &9 TR R EA~TFLR T
EHY— T X

2, TRREBXLENEZIEBNHITARIES R, RS
FENqueue, FRIEHEENtopoList,

3. topoListfaqueuc Y IFLARIZHF, TLAMAER
RIR

4, FHREAqueue R RIIFIREY TR




Task Scheduling

 Problem:

— Scheduling a project consisting of a set of
interdependent tasks to be done by one person.

e Solution:

— Establishing a dependency graph, the vertices are
tasks, and edge vw is included 1iff. the execution of v
depends on the completion of w,

— Making task scheduling according to the topological
order of the graph(if existing).



Task Scheduling: an Example

Tasks(No.) Depends on

choose clothes(1) 9

dress(2) 1,8
eat breakfast(3) 5,6,7
leave(4) 2,3 W

make coffee(5) 9
make toast(6) 9
pour juice(7) 9

9

shower(8)
wake up(9)
A reverse topological order 14/15/7 6/7/3
9,1,8,2,56,7,3,4
11/30/2024 Lectures on Algorithm [ Start time/finish time/topo #
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Project Optimization Problem

Assuming:

1. Parallel executions of tasks (v,) are
possible except for prohibited by
interdependency.

2. Each task takes a given amount of
time
Question:

What is the shortest time to finish the
project?

1. &R, BEEARTEREE ) Project, HSA NIZLER: shower: 8.5
Maskn] CLH 4GB 32 % H- 45 5

2. B, WRHEE M task i EHE ZHR] 1, 8Y
B EE IR, SF AR ?




DAG with Weights

< Critical Path
< Critical Subpath

ectures on Algorithm Design & Analysis
(LADA) 2017

shower: 8.5

B, B R SE
s | Rs — AN
NP/ SRR L i)
I 1)’




| O/ ‘%) . .
ﬂij%;mpégﬂlﬁﬂ
T EeY B A5k eda  (earliest finish time, eft) FFiXxEIEH R
Fr%& B Jal (earliest start time, est)fo Lixs&spFrfedia (FRi€#EL L) |
eft(v) = est(v) + duration(v)
A~ E D VIF LS a9 B )8l N e T~ C IR I a9 SE D wa IR -F- 45 2R 88l

est(v) = i} Mr]rel%%(@ eft(w)

BAGE R E T AR BRI INF S IT I, ST kR, SKit3iest,
AitFeft

A, FITTLAEIDFSHIZDAGHE, F+H
— TFEERY, FRABR ISR Frest(v)Faeft(v)
— sF&E R ITpostordersL 22

=Ly )a AR . RAaFVTIIVRFLE ST AIE, ARRNARTRIGET
Projecti2 52 AL ?
— A LAASKFRGFSHESE D), XL FPITEB BIR R FBEIER,



Project Optimization Problem

done

* Observation
— Inacritical path, v, , is a critical dependency of v, i.e. any delay in v, ;will result in delay in v..
(ETF(v, ;) == Earlist(v,))
— Reducing the time of a off-critical-path task is of no help for reducing the total time for the project.

* The problem can be transform into: Find the critical path in a DAG



Critical Path in a Task Graph

Earliest start time(est) for a task v
— If v has no dependencies, the est 1s 0

— If v has dependencies, the est 1s the maximum of the earliest
finish time of i1ts dependencies.

Earliest finish time(eft) for a task v

— For any task: eft = est + duration
Critical path 1n a project 1s a sequence of tasks: vy, v, ..., vy,
satisfying:

— v, has no dependencies;

— For any v,(i=1,2,...,k), v., 1s a dependency of v,, such that es?

of v, equals eft of v, ;
— eft of v,, 1s maximum for all tasks in the project.

Lectures on Algorithm Design & Analysis
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Critical Path Finding - DFS

* Specialized parameters

— Array duration, keeps the execution time of each
vertex. (Input)

— Array eft, keeps the earliest finished time of each
vertex. (Output)

— Array critDep, keeps the critical dependency of each
vertex.

* QOutput
— Array topo, critDep, eft as filled.

 Critical path 1s built by tracing the output.



Critical Path — Case 1

Upon backtracking from

. y just
Ww. \
. . . \ finished
 est(v) 1s updated if eft(w) is \
larger than est(v)

 and the path including edge vw
is recognized as the critical
path for tast v

 and the eft(v) 1s updated
accordingly

Lectures on Algorithm Design & Analysis
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Critical Path — Case 2

Checking w: @
e est(v) is updated if eft(w) is T
larger than est(v) \ e eft(w) known
 and the path including edge vw \\\ e finished
1s recognized as the critical path \ (Why?)
for task v . m'
e and the eft(v) is updated o
accordingly

est(v) to be g:deated

|
v



Critical Path by DFS$

void dfsCritSweep(IntList| | adjVertices,int n, int| | duration,
int| | critDep, int| | eff)

<Allocate color array and initialize to white>
For each vertex v of G, 1n some order
if (color[v]==white)
dfsCrit(adjVertices, color, v, duration, critDep, eft);
// Continue loop
return;

Lectures on Algorithm Design & Analysis
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Critical Path by DFS$

[[BRNER—~TDAGH

void dfsCrit(.. adjVertices, .. color, .. v, int[ | duration, int[ | critDep, int[ | eft)

int w; IntList remAdj; int est=0;

color[v]=gray; critDep|v]=-1; remAdj=adjVertices|Vv];

while (remAdj#nil) w=first(remAd;);
{

if (color[w]==white)

dfsCrit(adjVertices, color, w, duration, critDep, efs);

if (eft[w]>est)
{est=eft[w]; critDep[v]=w;}
else//checking for nontree edge
if (eft[w]>est)
{est=eft[w]; critDep[v
remAdj=rest(remAdj);

}

eft|v]=est+duration|v]; color[v]=black;

return;

11/30/2024

LA B PostorderiitFm, FESLRL
BWIHVEIFT R IS4k, FFitFHestFa
eft[v]eyta
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o FHELIETR _Lavtask RN THIE TEREH Etask
o LARH e 3E
* JAIFR . ERNRINEAProjectZ BV ATIRT
REFFBRRBRBSEIEZSA )
e FUr)ulAR .
— RIGYE3 (done) #ZE3RedjEI RNZEEYIHFRT,
CEETATIREFSY R R TH 4 BF 1R A ?

— f0 FFASEFE VR B I L edJal £ Latest(v), €y
ATIR R BR T LA S A FF4E 7




Analysis of Critical Path Algorithm

e Correctness:

— When eft[w] 1s accessed 1n the while-loop, the w
must not be gray(otherwise, there 1s a cycle), so, it
must be black, with eff imtialized.

— According to DFS, each entry in the eft array 1s
assigned a value exactly once. The value satisfies the
definition of eft.

* Complexity
— Simply same as DFS, that 1s @(n+m).



SCC: Strongly Connected Component

FH a1 Ba) — 4~ SCCHaY A TR

viaw, ZBHIEMNVEIWEY ISR,

Condensation Graph G4

ABDF R\

~ EG

i

C
Graph G —

3 Strongly Connected Components

It’s acyclic, Why?
Note: two SCC in one DFS tree

Lectures on Algorithm Design & Analysis
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Transpose Graph

Tranpose Graph G!

Connected Components unchanged
according to vertices But, DFS tree changed

Lectures on Algorithm Design & Analysis
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Robert Endre Tarjan

Basic Idea - G

Reverse topo order for
leader finish time: C,,
(C4)9 C29 C39 C4

a DFS tree with 4 connected
components, depicted as a

condensation - . ..
11/30/2024 Le“”res"”A'(gL‘Xg:)r“ng;'g”&A”a'V““ > Orlglnal Q&lge




Basic ldea - GT

> Transposed edge
Original
Graph

components, depicted as a
condensation
11/30/2024
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SCC - An Example

CDBFAGE

push/pop

Lectures on Algorithm Design & Analysis
(LADA) 2017
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Leader of a Strong Component

* For a DFS, the first vertex discovered in a strong
component S 1s called the leader of S. .

* Each DFS tree of a digraph G contains only complete
strong components of G, one or more.

— Proof: Applying White Path Theorem whenever the leader of
S; (i=1,2,...p) 1s discovered, starting with all vertices being
white.
* The leader of S, 1s the last vertex to finish among all
vertices of S.. (since all of them in the same DFS tree)



Path between SCCs

At the time a leader v, 1s discovered in a DFS search, there 1s no
path from v, to any gray vertex, say X.

The leader of S,

At discoverin o For any vertex x in other SCC that there is a path
from vi to x, x can’t be gray:

Because there 1s a path from each gray node to v..

If x 1s gray, x should in same SCC with v,

So,

1. either, x is black (v, finishes later than x)

2. or vx-path 1s a White Path (v, finishes later
than x)

(For 2, consider the [possible] last non-white
vertex z on the vx-path)

—A~SCCreh ey T 55 89 32 2 AE B 3X s 3 finish
BYSCCHEH TFLR |




Active Intervals

* If there is an edge from §; to §;, then it 1s
impossible that the active interval of v; 1s
entirely after that of V:. (Note: for leader v; only)

— There 1s no path from a leader of a strong
component to any gray vertex.

— If there 1s a path from the leader v of a strong
component to any x in a different strong
component, v finishes later than x.

Lectures on Algorithm Design & Analysis
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Strong Component Algorithm:
Outline

G

V0i§1 strongComponents(IntList[] adjVertices, int n, int[]
scc

//Phase 1

1. IntStack finishStack=create(n);

2. Perform a depth-first search on G, using the DFS
skeleton. At postorder processing for vertex v,
insert the statement:

push(finishStack, v)
//Phase£53RJE :
[l —=1SCCETBURFP, leaderMm IR IT
/I EfinisheySCChYleader AL IT
Il RBLENFELinishey SCCR L S inishay SCCaHhsz
[/ BP: ZEGTeREFANIETinishey SCC=I finishadh
/I SCCey3z
/[Phase 2

3. Compute G7, the transpose graph, represented as
array adjTrans of adjacency list. (GTUIfAf 1152 )

4. dfsTsweep(adjTrans, n, finishStack, scc);

return

. MAFHLHII5, &SCCRAHY

Note: G and G™ have the same SCC sets s {C} {BDFA} {GE}
. WEF4@55, &SCCR A

JWFE L. {GE}{C) {BDFA}

Lectures on Algorithm Design & A
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Strong Component Algorithm: Core

void dfsTsweep(IntList[] adjTrans, int n, IntStack finishStack, int[] scc)
<Allocate color array and initialize to white>

while (finishStack is not empty) ZE AR 5 25 B B ey dfs -
int v=top(finishStack), 1. $+s+GeyDFS s&finishey SCC Leader#e &
pop(finishStack); RDFSH e #Discover;
if (color[v]==white) 2. ‘A—4~SCCH, Leaderseaisa;

dfsT(adjTrans, color, v, v, scc); | 3

22 GTep R /5 Finish#y SCC 2l 3% s finish
w32, BT RSB REESCC!

return,;

void dfsT(IntList[] adjTrans, int[] color, int v, int leader, int[] scc)
Use the standard depth-first search skeleton.
At preorder processing for vertex v insert the statement:

scc[v]=leader;
Pass leader and scc into recursive calls.

Lectures on Algorithm Design & Analysis
39
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Correctness of Strong Component
Algorithm (1)

* In phase 2, each time a white vertex 1s popped from
finishStack, that vertex 1s the Phase 1 leader of a
strong component.

— The later finished, the earlier popped

— The leader 1s the first to get popped in the strong
component 1t belongs to

— If x popped 1s not a leader, then some other vertex in the
strong component has been visited previously. But not a
partial strong component can be 1n a DFS tree, so, X must
be 1n a completed DFS tree, and 1s not white.



Correctness of Strong Component
Algorithm (2)

* In phase 2, each depth-first search tree contains
exactly one strong component of vertices

— Only “exactly one” need to be proved

— Assume that v, a phase 1 leader 1s popped. If another
component S; is reachable from v; in G', there is a path
in G from v, to v;. So, in phase 1, v; finished later than
v, and popped earlier than v, in phase 2. So, when v,
popped, all vertices in §; are black. So, §; are not
contained in DFS tree containing vi(S,).



TarjangSCCH A A B4 (1)

e HITDFS®BIZed, 34528915 )alilFm A
— 5 a1 Z&~SCC S;ay Leader,
— R ASCCP ey F L4557
— 15 )al S —4~SCCe9Leader, )3
o« W IBinSCCyLE =, LARXASCCHaZEu 2 eSCC
c BE (E=R)SHHLEN)
— a1 S shay SCCay Leader
o WIGIRSCCHYLER, AR, ..
c BE (E=R)SHHLEN)

— A SeY®I5, MLeaderE A

b



o L5 a5
— Cl#yLeader
— CleygBm g (1)
— C4#9Leader
— Chey 4 8BLEk =
— Cl®ygBmgsm (2)
— C2#9Leader
— C2wy8B s (1)
— C3#9Leader
— Cluy 4 8BLE =
— C2®y8B R (2)
— Clevygezm s (3)
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Tarjan®ySCCH it A A B4 (2)

o Ly RIS <
— Cl#yLeader o ERINAF
— ClevesBzm g (1) — Clebmy g~ (1) L
_ C4#yLeader — CArhey 2 8BLER &
— CA4aY 8BB4 51 — C4eayLeader
— Clevapzrasa (2) = CISEERET L (2] —
B , — C2ehehaB e (1)

Czéﬂ;eflilei — C3uya8psiR ‘

- C2evsporaaR (1) — C3wyLeader
— C3&dLeader — C2ehey BBz gE A (2)
— C3B9 2= BPLEIR — C2d9Leader
— C2wyEB s (2) — Clwyspm s (3)
— CleyBezgsam (3) — Cl#yLeader




Tarjan®# SCCH g A A B4 (3)

C1HJLeader

e ZEDFS#e . 454~SCC
89 cadersh 5K E 3%

— CATESCCoY 2 BBLE AR
(White Path Theorem) : CaffiLeader

H 51SCCqs 2%’}5\—'5%’5\1%
iZSCCHY LeaderE>g 549

B IR
C3HJLeader



Tarjan@# SCCH s A AR A (4)

IR BRAF RS (iR F)
e R 3, Leader<

B REETT

AL SCCHYLE R R LA
Leader>9 3 —1~45 2%,
#HREEIL P,
Tarjan$&33 : IRBRIFIR
& B AFLeader
ey i Ja g, M S AR IF 5
ey R EBPop i Leader#r4E
e9SCCeE A, #iB2S
~SCCeY &L 5=,
— ATIR: FUIREGBFIR I
IR R S leader!

e JEiRAE IR F

— CleewygBzmasR (1) — Cl#9Leader

— ClshwhoaBgs R — Cl®wyeezm g (1)
—_C4e9] cader — C4éhLeader

— Clwwysemzss (2) — 4y 8BzEn

— C2ehehaBzm s (1) — Cl®wyspzm e (2)
— C3aheBBLE R — (C2#9Leader

— (C3dYLeader — C2eheBz s (1)
— C2ehehEBzgsR (2) — (C3dé9Leader

— (C2#9Leader — (C3aya-BBsE S

— Cleygezmgs= (3) — C2eygBzrgsR (2)
— CleyLeader — Cleygezm s (3)




Tarjan 4 & A A4z & (1)

input: graph G = (V, E)

output: set of strongly connected components (sets
of vertices)

index :=(

S := empty array

for each vin V do if (v.index 1s undefined)
then strongconnect(v)

end if
end for



Tarjan ¥ x A A4z 2 (2)

function strongconnect(v)
/)% & EFRBF, lowLink,

v.index = index v.lowlink := index index = index + 1
/] #88 HEAR ST IEHE ;
S.push(v) v.onStack := true

/33, BR/BEFI—~ERKED HFHFvEELeader& i EERL
for each (v, w) in £ do
if (w.index is undefined) then /Iwhite&& s%
strongconnect(w)

/] ISR EE, Lo R v EZleader node, AR FEEI#H F K E—~TSCC (BRBIWVELE)
if (v is a leader node) then //stedF v #ER2 AR ESCCHY TR S &tk
repeat
w = S.pop()
w.onStack := false
add w to current strongly connected component
while (w |=v)
output the current strongly connected component
end if
end function



SCCs: g 1 BT

1. ABDF @ 2038 HASSCCHhuy &
2. C SVEYES TR, A P EY IR
3. EG 2B R & VvEITZESCCHY

@ 25

e DFS#482/%3): ADBGEF, C

 DFSE4R/A&F2Y: BEGDFA, C
— H{ERFBIMEIGE:, GARLeader, 2
ADBGE, GEZ—4~SCC, ®ik, PR
ADB
— MR IEEIAS, ARLeader, #%4>9ADBF,
ADBF2Z—4SCC, &k, #&d9=,
— kB NCH % #ITDFS, 83=2#e9SCC C



Tarjan & & F #| #1Leader g & 32

BRIEA—1SCCe9Leadert %, LADFSH K #t1T
BB SCCH/EFEIDFSHT, B4 T4 RNAE
F-Leaderdh 5 RuBB IR BFAE —~TBHKE Ay,
TE IS VEY F~H 2B S AR wsH R w.index < u.index,
A wEiZSCCHh,
JEBH
— RUTETFTHEILERIETERS, FRANSHPHIENTS
A, BIAASCCH RIES il 2 R aY 5572,
— EBREEERKREIE, EBuESCCH, LAKAM
S FAE AR FASCCHY Leadered 5512, A &R
P IR LTS,
— AT TLAZZ AP 3S . Back EdgeFCross Edge,
2348 BAREE AR RESH, A5 Redindex sz
R ANFusdindex,

FLATEA B IRFBIG SCCHTFESCCH &I
Y A FE /e T 25 R 5948 $B 25 SR B9index P BY K
AN1E, igF29u.lowlndex,

H#E3FSCCHE 1T I5ed, Leader#index
SCCoy s A RIR, AWESCCH, RHA
Leader#ylowlndexs3FF€ B8 2ayindex



Tarjan & & F #| #rLeader#y 7 %

S.push(v) v.onStack :=true //vIRERFENEKS, FHEFIQvEK S

[[RATFEREFPETVREELeaderE YK, SRR LR G VHAESSCCaY/SIRF L
[ FBANTERODERSCCPRARAB KA R AP RBHBIREIRF,
for each (v, w) in E do
if (w.index 1s undefined) then //whitez& 5=
strongconnect(w)
v.lowlink := min(v.lowlink, w.lowlink)
else if (w.onStack) then
[FER, H/wrEKkPrS, F|2awEBATSCCH e, FE 4 w.index >& L5 I it
FlowLink
v.lowlink := min(v.lowlink, w.index)
end if
end for

//If v is a leader node, pop the stack and generate an SCC
if (v.lowLink == v.index) then

end if
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